A STOCHASTIC BURGERS EQUATION FROM A CLASS OF 
MICROSCOPIC INTERACTIONS 



PATRICIA GONQALVES, MILTON JARA, AND SUNDER SETHURAMAN 



Abstract. We consider a class of nearest-neighbor weakly asymmetric mass 
conservative particle systems evolving on Z, which includes zero-range and 
types of exclusion processes, starting from a perturbation of a stationary state. 
When the weak asymmetry is of order 0(n ') for 1/2 < 7 < 1, we show that 
the scaling limit of the fluctuation field, as seen across process characteristics, 
is a generalized Ornstein-Uhlenbeck process. However, at the critical weak 
asymmetry when 7 = 1/2, we show that all limit points solve a martingale 
problem which may be interpreted in terms of a stochastic Burgers equation 
derived from taking the gradient of the KPZ equation. The proofs make use of 
a sharp 'Boltzmann-Gibbs' estimate which improves on earlier bounds. 



1. Introduction 

There has been much recent work on the classification of fluctuations of 
certain interfaces and currents, corresponding to mass conservative particle 
dynamics in one dimensional nearest-neighbor interacting particle systems 
such as simple exclusion and its variants, with respect to so-called Edwards- 
Wilkinson (EW) and Kardar-Parisi-Zhang (KPZ) classes (cf. ||2O0 for a review 
and references). Following recent sensibilities, ad = 1 particle system is in the 
EW class if the standard deviation of the associated 'height' function ht{x) of 
the interface at time t and space point x, or the integrated current at time t > 
across the space point x G M, is of order t^/^, and also spatial correlations are 
nontrivial at range t^^^. Examples in this class are independent random walk 
systems, random averaging, and reversible simple exclusion processes start- 
ing from a stationary state or even in non-stationary states Il9l, Il23]| . Il32]| . ||39]| . 
Il58ll. 

On the other hand, a system is in the KPZ class if its 'height' function and 
integrated current have standard deviation of order t^/'^, and nontrivial spa- 
tial correlations at range t^^"^. A well-studied particle system model in this 
class is the asymmetric simple exclusion process starting from deterministic 
initial configurations such as step profile and alternating conditions, or from 
a stationary state (cf lO, M, M, IM, Ull, IMl, HH, IM, IH, IMl and 
references therein). 

These two classes can be seen in the study of the famous KPZ stochastic 
partial differential equation first mentioned in II35II : 

dMx) = DAhtix) + a(Vht{x)f + aWtix) (1.1) 
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where VVt (x) is a space-time white noise with unit variance. When a = and 
D,a > 0, then ht{x) is a generahzed Ornstein-Uhlenbeck process in EW class. 
However, when a ^ and D,a > 0, a physical argument indicates that ht{x) 
is in the KPZ class (cf. Ifl3l . Il35]| ). Also, in another sense, it has been shown 
that the 'Cole-Hopf ' solution of the KPZ equation, starting from certain initial 
conditions, interpolates between the two classes when the centered solution is 
examined in different asymptotic scaling regimes, that is when normalized by 
t^^^ as 1 1 oo or when normalized by as 1 1 0, nontrivial limits are obtained 



Moreover, it is believed that in many 'critical' weakly asymmetric, d = 1 
particle systems, that is when the weak asymmetry is scaled at a critical level, 
the diffusively scaled 'height' function or integrated current should converge 
to the solution of the KPZ equation with parameters depending on the struc- 
ture of particle interactions and initial conditions. Recently much progress 
has been made in making clear this convergence. Part of the difficulty is that, 
since 'solutions' to the KPZ equation are expected to be distribution-valued, 
the nonlinear term in the equation does not make sense, and so the equation 
is ill-posed. Hence, what does it mean to solve the KPZ equation? And also, 
when properly interpreted, how to derive the KPZ equation from microscopic 
particle interactions? 

One way to approach these questions is to observe that the Cole-Hopf trans- 
form zt{x) := exp{{a/D)ht{x)} linearizes the KPZ equation to a stochastic heat 
equation 



which can be solved uniquely starting from a class of initial conditions and is 
also strictly positive for times t > BtII . Il64ll . Then, the 'Cole-Hopf solution 
is defined as ht{x) := logzt(a;). In II15I . starting from near stationary measures 
in a certain weakly asymmetric simple exclusion process observed in diffusive 
scale, this sentiment was made rigorous. Namely, it was proved that the micro- 
scopic Cole-Hopf transform of the microscopic height function, using a clever 
device in II26I which linearizes the simple exclusion dynamics to a more man- 
ageable system, converges to the Cole-Hopf transform of the KPZ equation, 
the solution to the stochastic heat equation ( I1.2I I. More recently, in Il56l 
this notion of solution further gained traction in that the result in II15II was 
non-trivially generalized to step profile deterministic initial configurations. At 
the same time, in [311, it has been shown that logzt(a;) is the unique solution 
of a well-posed equation on a torus (the question on Z seems open), derived 
from a 'rough paths' approximation of dl.ll t. so that it is clear what sort of KPZ 
equation the 'Cole-Hopf solution actually solves. 

In this article, another approach is considered which allows to generalize 
the types of microscopic particle interactions considered, given that the device 
in II26II seems limited to simple exclusion and a few variants such as g-TASEP 
dynamics [19|. At the microscopic level, the height function Ht{x), evaluated 
for i > and x G Z, takes form 



(c£ m, IH). 



dtzt{x) 



DAzt{x) + {aa/D)zt{x)yVt{x) 



(1.2) 




(1.3) 
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where Jy{t) is the current across bond {y — l,y) and 774(2/) is the particle num- 
ber at y e Z at time t > 0. Then, the discrete gradients of the microscopic 
height function are the particle numbers, Ht{x + 1) — Ht{x) ~ r]t{x), and the 
corresponding fluctuation field examined in diffusive scale, that is when time 
is scaled in terms of and space is scaled by n, is the particle density fluctua- 
tion field 3^". The guiding idea is that y" should converge to yt — Vht in some 
sense. 

Formally, by carrying through the 'V operation, yt satisfies a type of sto- 
chastic Burgers equation, 

dtytix) - DAytix) + a\7{yt{x)Y + aVWtix) (1.4) 

which again for the same reasons as for the original KPZ equation is ill-posed 
when a 7^ 0. If a = 0, however, it is a type of Ornstein-Uhlenbeck equation 
which possesses a unique solution when starting from a large class of initial 
distributions (cf IH, [641). 

A main contribution of the article is to understand the derived stochastic 
Burgers equation ( I1.4D in the context of a general class of nearest-neighbor 
weakly asymmetric interacting particle systems on Z, starting from perturba- 
tions of the invariant measure Vp. This class is composed of systems with 'gra- 
dient' dynamics, not necessarily product invariant measures, sufficient spec- 
tral gap and 'equivalence of ensembles' estimates among other technical con- 
ditions (cf Subsection 12. li t, which include in particular the already studied 
simple exclusion process, and also zero-range and exclusion models with ki- 
netically constrained or speed-change interactions, which have varying and 
sometimes slow mixing behaviors. The initial distributions consist of 'bounded 
entropy' perturbations of the invariant measure Vp (cf Subsection 12.11 for a 
precise statement). 

Our results describe the limit points of the fluctuation field 3^"'^ in diffu- 
sive scale, in a reference frame moving with a process characteristic velocity 
f„(t) ~ [n^(p„ — qn)vt\ . Here p„ - q„ is the difference of the single particle 
jump rates which identifies the strength of the weak asymmetry considered, 
and u is a homogenized velocity parameter depending on the particle dynam- 
ics. Given the size of p„ — g„, a dichotomy emerges in the form of the limits 
derived. Namely, for p„ — <?„ ~ 0{n^^), when 1/2 < 7 < 1, we show a 'crossover 
result' (Theorem l2.2l > that X converges to an Ornstein-Uhlenbeck field with 
certain homogenized parameters. When 7 = 1, convergence of X''^ to the same 
Ornstein-Uhlenbeck field has been known for many particle systems since the 
work lilSll . For discussions of 'crossover' results with respect to simple exclu- 
sion see IISTH. Il29]l. 

However, when 7 = 1/2, a critical value, we prove (Theorem 12. 3D that limit 
points of y"''^ solve a martingale problem, also with homogenized constants, 
which interprets the stochastic Burgers equation, namely the non-linear term 
in ( I1.4D is understood in terms of a certain Cauchy limit of a function of the 
fluctuation field acting on an approximation of a point mass as the approxi- 
mation becomes more refined. In this context, we note ||5l further clarifies the 
limit point found starting from the invariant state i^p with respect to the simple 
exclusion process. Also, we note another martingale problem was given with 
respect to the Burgers equation in |[3l. 
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Convergence of X''^ to a unique limit when 7 — 1/2 is known with respect 
to the simple exclusion process (cf. ifTSll ). although it has not been shown yet in 
our more general framework, an important open question. However, one may 
still try to characterize limit points of the height function across process char- 
acteristics, H^'"'{x) := n^^/'^Hn^f{nx — nv„{t)) , via dl.SI I given subsequential 
convergence of 3^" '^. Although this is not the purpose of this paper, we indi- 
cate how this might be accomplished to be more complete. Indeed, by il.Si and 
Joit) - Jx+i{t) = I]y=o ~ '?o(y)), one has H^'^^ix) ^ n^^l'^Jnx-nv^in^t) - 

^-1/2 ^nx-niv(t) j-^^(^y-^^ gg^y foj. a; > 0. To write the current in terms of the fluc- 
tuation field, formally, n-i/V,„_„„„(i)(77.2t) = 3^t"''^(l[.T,oo)) - 3^^'''(l[r,oo)) + o(l), 
although as there are an infinite number of particles and l[x.oo) is not a com- 
pactly supported function some sort of truncation is needed to make a rig- 
orous argument. Using the method in fSSl and Il32]| . one can approximate 
n^^''^Jnx-nv^{t){n'^'t) by yt'^{Gk^x) for large k where GkA^) = (1 - (z - x)/k)+, 
and so it is possible to take subsequential limits of i?"'^. Finally, we remark if 
uniqueness of solution for the 7 = 1/2 martingale problem were known in our 
more general framework, one should be able to identify the solution, modulo 
parameters, as the limit already identified for simple exclusion through the 
Cole-Hopf apparatus. In this way, one should be able to determine that the 
height function limits, with respect to a general class of interactions starting 
from nearly the invariant measure, are in the KPZ class for instance. 

We now remark on the argument for Theorems 12.21 and 12.31 We take a sto- 
chastic differential of X''^^ namely 

dyi'-' = (dty:''' + L^yr)dt + dM7''' 

where i„ is the system infinitesimal generator and Al"'^ is a martingale. We 
note, because the reference frame moves with velocity Vn{t), the term 
does not vanish. Beginning in a perturbed invariant measure, the martingale 
term can be handled by an ergodic theorem. However, to write the drift term 
3tX + ^riX in terms of the fluctuation field itself and therefore 'close' 
the equation, is a more difficult task, and requires what has been known as a 
'Boltzmann-Gibbs' principle. Such a principle, first proved in IflHl when 7 = 1, 
would replace in our context the expression 

f* 1 

/ 7-1/2 '^'^Gix/n)T^V{Tj^2,)ds 

xez 

#^r4T7lEVG(./n) 
2 ,.+1/2 Z. 

X - E.. [y7''{y^Mx-e^x+e]) 



with 



ds 



in L^(Pjyp) as n t 00 and e I 0. Here, G is a function in the Schwarz class, Tx 
is the x-shift operator, is a mean-zero function with the property that the 
derivative of its 'tilted mean' (pv{z) vanishes at z = p (cf definition near ( 12.41 1). 
Given such a replacement principle (cf Subsection l3.2l for precise statements). 
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one can prove the sequence 3^"'^ is tight and derive martingale problem char- 
acterizations of limit points as desired. 

The case 7 = 1/2 is the most difficult since there is no spatial averaging at 
all. However, there is much cancelation with respect to the time integral which 
helps to prove the replacement needed. We show the cases 1/2 < 7 < 1 would 
follow from the 7=1/2 replacement. A similar replacement for symmetric 
simple exclusion, using specific duality methods, was performed in Ii4j . 

The method given here, in our general framework, is quite different. The 
main idea is to use an involved H^i renormalization scheme to bound errors in 
the replacement. Such a scheme makes good use of three assumed ingredients 
(cf. precise statements (R), (G), (EE) in Subsection l2.1D : First, the measure Vp is 
invariant with respect to all asymmetric and symmetric versions of the process, 
the main reason for the 'gradient dynamics' condition. Second, a spectral gap 
lower bound for the symmetric process localized on a interval with width £ 
and Yl,xehi '?(^) Particles which, after averaging with respect to Vp, is of order 
0(£^^). Also, third, an 'equivalence of ensembles' estimate holds with respect 
to canonical Vp{- \ Yl,\x\<e. "^i^) = ^) and grand canonical Vp measures. 

We note the current article is an evolution of the arXiv paper Il28ll . encom- 
passing the work there on a type of exclusion model starting from a Bernoulli 
product invariant measure and a model specific Boltzmann-Gibbs principle. 
See also IjH for a different type of resolvent method specific to simple exclu- 
sion. In this context, the current article is a nontrivial generalization to more 
diverse models, starting from perturbations of the stationary state, using a 
more general H^i renormalization scheme. We remark that part of this im- 
provement, of its own interest, is that the Boltzmann-Gibbs principle (Theo- 
rem [3]2l) shown here does not rely on the independence structure of a product 
measure, or on a sharp spectral gap estimate, or on a process 'duality'. Finally, 
we note elements of our H^i renormalization scheme go back to ||27]| and ||6T]| 
in different contexts. 

We now give the structure of the article. In Section |2l the general class of 
models studied, results, and specific systems satisfying the class assumptions 
are discussed. Then, in Section [3l we outline the proof of the main results, 
Theorems 12.21 and 12 . 3 [ stating the form of 'Boltzmann-Gibbs' principle used. In 
SectionlH this principle is proved. In Section[5l we prove for a class of systems, 
including the specific processes discussed in Section [2l the 'equivalence of en- 
sembles' estimate assumed for the proofs in Section[3l Finally, in Section[6l we 
show that the field convergences in Theorems l2.2l and l2.3l can be restricted to a 
Hermite Hilbert space of functions which strictly contains the Schwarz space. 

2. Abstract Framework, Results, and Models 

We now discuss the abstract framework we work with in Subsection 12. 1[ 
and state results in this framework in Subsection l2.2[ This framework covers a 
wide class of models such as zero-range models and different types of exclusion 
processes which we detail in Subsections 12.31 - 12.51 A reader focusing on one 
of these models, might skip to its subsection while referring to Subsection l2.11 
and then proceed to results in Subsection l2.21 
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2.1. Notation and Assumptions. We consider a sequence of 'weakly asym- 
metric' nearest-neighbor 'mass conservative' particle systems {77" : t > 0} on 
the state space 17 = Ng where No = {0,1,2,...}. The configuration of the sys- 
tem rjt = {vt{x) : X e Z} is a collection of occupation numbers rjtix) which 
counts the numbers of particles at sites x <e Z at time t > 0. In some of the 
examples we will consider, the occupation number is bounded by 1, in which 
case the effective state space reduces to {0, 1}^. 

'Gradient' dynamics. The dynamics will be of 'gradient' type. That is, we 
suppose there are functions {6^'"}n>i and {b^'"'}n>i satisfying the following 
conditions (Rl) and (R2). Let be the shift operator where {Txri){z) = ri(x + z) 
and T^ fi-q) = f{Txil) for a; G Z. Let also = {j : \j\ < fc} c Z for fc > 1. 

(Rl) For all n > 1, 5;^ " = t^6^'" and fe^ " = r^^^ are nonnegative finite- 
range functions on O such that 6^'" and 6q are supported on {ri{y) : 
y e Afj} for some R > I. We suppose uniformly in n that |6^'"(77)| + 
1^0 "('?)! - ^Z^yeAjj^ly)- Moreover, there are nonnegative functions 
= T^c^ on fi, supported on {rj{x) : x e Afj} such that 



LR,n 



In addition, suppose there are fixed functions fep , ^0 such that 

configurationwise 

lim 6^'"(7?) = b^{ri), lim bQ'"{T]) 60 (?;), and lim Co{t]) = ca{ri). 

njoo njoo njoo 

In some of the models considered, such as zero-range processes in Subsec- 
tion |2]3j the functions 6^'" = 6^, 6q'" = 6q and cfj = cq are fixed and do not 
depend on the parameter n. However, for the kinetically constrained exclusion 
models in Subsection |2.4[ the rates do depend on n. 

(R2) With respect to a fixed measure fp on fl, for all n > 1, we have 

aiyp 

where is the measure of the variable ( = t^^+i-^ under Vp. 

We also define b^{ij) = 6^'" (77) + 6^'" (77), 5" (77) = and c"(r;) = cjf(?7) to 

simplify notation. 

We now specify the process generator. For a e M and 7 > 0, let 

Let also no be such that < p„o, gn,, < 1, and T > be a fixed time. 

(M) Suppose, for each a € R and 7 > 0, that {rjl' : t e [0,r]} is a L'^{vp) 
Markov process with strongly continuous Markov semigroup P" and 
Markov generator L„ (cf |I43! [Chapter I; Section IV. 4]) with a core com- 
posed of local L'^{vp) functions on which 

Lnfi^l) = n2^{6f'"(r;KV,,,+i/(7y) + &^'"(7y)g„V,+i,,/(77)} (2.1) 
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where yx,yf{ri) = f{v^'") — f{v)^ and 77^'*^ is the configuration obtained from -q 
by moving a particle from x to y: 

{rj{y) + 1 when z = y 
ri{x) — 1 when z = x 
i]{z) otherwise. 

The role of a e M and 7 > is to control the strength of the 'weak asymmetry' 
in the model. 

Invariant measure Vp. We now specify some technical properties which Vp 
should satisfy. Define for a probability measure k, the path measure gov- 
erning the process {77" : i e [0, T]} with initial configurations rjo distributed 
according to n. Let then E^. and denote expectations with respect to k and 
Pk respectively. 

(IMl) Suppose Vp is a translation-invariant measure which is 'spatially mix- 
ing'. That is, for local L'^ivp) functions / and h, 

lim E,^[f{ri)T.M^)] = E,^[f]E,^[h]. 

|2-|too 

In addition, suppose the mean £^^^[77(0)] = p, and moment-generating 

function E^^ [e^''(°)] < 00 for |A| < A* for a A* > 0. 
Although product measures Vp are considered in most of the examples, we note, 
in Subsection l2.5[ a non-product measure Vp corresponding to an exponentially 
mixing ergodic Markov chain is used. 

Now, the measure Vp, by (IMl) and the 'gradient dynamics' conditions (Rl) 
and (R2), is an invariant measure with respect to L„ for all a e M and 7 > 0. 
Indeed, let be a local L'^{vp) function supported with respect to sites in A^. 
Then, for £ > k, we have 

E,^[L„4,] = -E,^ [ J2 iPn - qn)<P{ll)[c^{v) - C^+M] 
\x\<l 

The limit as ^ t vanishes, by translation-invariance and the spatial mixing 
assumption in (IMl). 

One can also compute that the L'^{vp) adjoint L* is the generator with pa- 
rameter -a, that is when the jump probability is reversed. Define Sn = {Ln + 
LI) 12. Then, the Dirichlet form D,^,M) S.p[/(-in/)] = E,^[f{-Snf)] on 
local L'^{vp) functions, is given by 

We remark when a Sn is the generator of the process and Vp is a reversible 
measure. 

Consider now the empirical measure 

3^0 = ^Y.^ri{x)-p)5,,n 

and its covariance under measure k, 

c:{G, H) = E^[{y-{G) - E^ [y^io] ) {y^{H) - e^ [y-{H)\ ) 
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with respect to compactly supported functions G and H. 

(IM2) We assume, starting from Vp, that converges weakly to a spatial 
Gaussian process with covariance C„^{G,H) := lim„^oo 7?) such 
that Cyp(G,G) < C(/9)||G'||^2(R)- Also, suppose the fourth moment bound 

^^Vi>iE^,[{^iTfx=ii'n{x)- p)Y] <oo. 

It will be convenient to define the variances 

al{p) CliH^H) = E^\[-j^= ^ {^i{x) - p)f 

and (p) ^ Cu^{H, H) = linir^oo cr^(p) when H{x) = 

When Vp is sufficiently mixing, the case of our examples, (IM2) holds with 
C^(G,i/) =a2(p)(G,i/)i2(K). 

Now, for A e (—A* , A*), consider the tilted measure with 'tilt' or 'chemical 
potential' A given by 

dv^, . gAE.eA,('=(=^)-p) 

= e(.T),.T e Af|77(x) = m,x^ A,j = zlxTJ) ^^"^^ 

where e, ^ e and Z(A, ^) is the normalization. 

(Dl) We will assume the measures {v^ : |A| < A*} are well-defined on 17, that 
is a limit of the finite-dimensional measure in ( 12. 3D as Z can be 

taken which does not depend on ^. Also, we assume that the measures 
can be indexed by density, that is E^x [r/(0)] is strictly increasing in A for 

|A|<A*. 

These assumptions hold of course when Vp is a product measure. They also 
hold when Vp is an FKG measure corresponding to an ergodic Markov chain 
on a finite alphabet, the case for the exclusion with speed-change model in 
Subsection l2.5l 

The measures {vp : |A| < A*} are translation-invariant since Vp is assumed 
translation-invariant (IMl). Also, given exponential moments of Vp (IMl), 
Ej,x[r^{Q)] is continuous in A for |A| < A*. Hence, by the strict increasing as- 
sumption in (Dl), one can reparametrize {vp} in terms of density: Let z e 
where = limA^^A* E^x[ri{{))] and p* = limAtA* E^x[r^{0)]. Let \{z) e 
(—A*, A*) be the parameter such that E x{z)['q{0)] = z. Then, we will define 

\(z) 
Vz = Vp ■ 

Define also, for a local L'^{vp) function /, the 'tilted mean' function (pf{z) : 

(p* , /9* ) -> M where 

iPf{z) = 

We define the derivatives of '^f{z) as the formal limits of the derivatives of 

Ey^ [f{if)\ri{x) = £,{x),x e A^] as ^ t oo which take form as 



V'fiz) )^{z)EyAU{v)-E.AmT.^^{x)-z))] 
V"f{z) :^ (A'(z))2ii;.J(/(r;)-i?,J/])(^(r;(:.)-z))2] 

+A"(z)i?.^ [{f{r^) - i?.^ [/])(5](ry(x) - z))]. (2.4) 
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For the 0th derivative, we set ^f\z) -.^E^Xf]- 

(D2) For local L'^{vp) functions /, suppose the limits ( I2.4D are well-defined 

and Wf{p)lW'f{p)\ < C{p)\\f\\L2^,^y, already, \ipf{p)\ < Wfh^.,). Also, 
suppose 

lim (p) = ff{p) and lim ip'} {p) = ip"f{p) 

when {/„} and / are local functions such that lim„^oo = and 
/n (??) < /('?) configurationwise for each n where / € L'^{vp). 

When, {v,^} are product or rapidly mixing Markov measures, again the case for 
our examples, this condition also holds by calculation with ( 12. 3D . 

Spectral gap. We now give a 'spectral gap' condition. For £ > 1, recall Ki is 
the box of size 2£ + 1, namely := {x G Z : \x\ < £}. Let also, for fc > and 
C e r?, Qk.e^i = {v ■ Ex6A, Vix) = k, ri{y) = ^{y) for y ^ Ae} be the hyperplane of 
configurations on Ai with k particles which equal ^ outside A^. Denote by Vk,£,i 
the canonical measure on Gkj.^, namely 

i'k,i,d-) ■= I'p^- \ ^ Vi^) ^ k,T]{y) ^ ^(y) for y AeY 

xeAe 

Consider now the process, restricted to the hyperplane Gk,i,^ with generator 

x-!,|=l 

This is a finite-state Markov process with reversible invariant measure i^k,i,^- 
Denote by \kj,^,n the spectral gap, that is the second largest eigenvalue of 
—Sn,gk,i,i (with being the largest). Let W{k,i,£,,n) denote the reciprocal 
of Xk.i.^.n, which is set to oo if \k,i,i,n = 0. Then, the associated Poincare- 
inequality reads as 

\&Y{f,Vk,t,^) < WikJ,^,n)V„if,i^kAi) (2.5) 

where Var(/, Vkj.^) is the variance of / with respect to iyk,i,i and the canonical 
Dirichlet form !?„(/, i^k,i.^) is given by 

T^nif,i^k.M) ■■-'It. £;,,,,J&«'"(77)(V.,,+i/(7;))']. 

x,x+l£At 

When W{k, £, ^, n) < oo, the process is ergodic and i^k,i,^ is the unique invariant 
measure. 

Denote the 'outside variables' by -qf = {riix) ■ x ^ A^}. We will assume the 
following condition on W{k, ^, n). 

(G) Suppose there is a constant C — C{p) such that, forn > 1, we have 



\xeAe J 



< ce. 



We remark a sufficient condition to verify (G) would be the uniform bound 

supj.^ „ £^'^W{k, £, ^, n) < oo, which holds for some types but not all of the spe- 
cific models discussed. 
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Equivalence of ensembles. We will also assume an 'equivalence of ensembles' 
estimate between the canonical and grand-canonical measures. Define, for 
£ > 1 and i] <E ft, the empirical average 

1 



V 



2e- 



ye At 



(EE) For local L^{vp) functions /, supported on {77(2;) : x £ ^-lo}, such that 



C(p, ao) where 



and £ > ^0, there exist constants ao > and C — 



2e + i 



< 



cil/ll 



£l+ao/2 



On the other hand, when only </? / (p) = is known. 



We remark, a weaker version, where the L'^{vp) norm, instead of the L'^{vp) 
norm of the difference, is say less than the same right-hand side expressions 
with ||/||L3(iyp) in place of ||/||l5(i.p) would be sufficient for our purposes if there 
is a uniform bound on the inverse gap sup^.^ „ £~'^W{k, £, ^, n) < 00. 

Usually, such estimates follow from a local central limit theorem. In Propo- 
sition 15.11 we show, when Vp is a nondegenerate product measure, that (EE) 
holds with Qo = 1- In Proposition 15. 2[ with respect to a Markovian measure, 
we prove (EE) holds with ao = 1 - e for any fixed < e < 1. These two propo- 
sitions cover the examples discussed in the article. 

Initial conditions. We will start from initial measures {^"} which have 
bounded relative entropy H{p^^; Vp) with respect to Vp. 

(BE) Suppose {p^} satisfies 



sup t'p) = svcpEi, 



dvp ^ dvp 



< 00. 



In addition, we presume a diffusive initial limit starting from {/i"}. 

(CLT) Under initial measures {a^"}, we suppose yQ converges weakly to a spa- 
tial Gaussian process 3^o with covariance C{G,H) = lini„^oo CJ^V (G, i/) 
for compactly supported functions G, H. 

Of course, if p'' = Up, (BE) and (CLT) trivially hold with C(G, H) = (G, H). 
When Vp is a product measure, a possible way to get non-trivial examples 
of measures {p"} satisfying (BE) and (CLT) is the following. For simplicity, 
we consider the case on which Vp is a Bernoulli product measure on {0, 1}^. 
Let {k" : x e Z} be a given bounded sequence and define ^" as the non- 
homogeneous Bernoulli product measure satisfying 



Pn{v{x) = 1) = p + 

A simple computation shows that 

Hip'';i^p) < 



ci\\K\u^) 
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Therefore, taking k" = K{x/n), where k : M K is bounded and in L^(K), we 
see that sup„ H{p"; Vp) < oo, and (BE) is satisfied. On the other hand, since 
the measure fi" is product, a simple computation shows that, under {^"}, the 
process converges in distribution to % + n, where J'o is a white noise with 
variance p{l — p). In II51I . the Cole-Hopf solution of KPZ is considered starting 
from such initial conditions. 

One may relate probabilities of events A under with those under Vp by 
an application of the entropy inequality: 

log2 + g(/.'>p) 
"^-"(^^ - l + logP.^(A) ■ ^^-^^ 

For instance, let r e L'^{vp) be a local function. By the spatial mixing assump- 
tion (IM2), under Vp, we have the convergence in probability, 

1™ f E = E,^[r[^)]. (2.7) 

Then, by the entropy relation, also under {/^"}, the same limit also holds in 
probability. 

Of course, given that we begin from nearly the invariant measure Vp, ( 12. 71 * 
is a trivial case of 'hydrodynamics'. Formally, starting from more general mea- 
sures, the hydrodynamic equation for the limiting empirical density p = p{x, t) 
would read 

dtp{x,t) + '^V^b{p{x,t)) = -A(^e(p(a;,t)). (2.8) 

In a sense, the main results of the paper are on the different fluctuations 
from the law of large numbers ( |2.7I > which arise for different regimes of the 
strength asymmetry parameters a and 7. 

2.2. Results. Denote by §(M) the standard Schwarz space of rapidly decreas- 
ing functions equipped with the usual metric, and let §'(M) be its dual, namely 
the set of tempered distributions in M, endowed with the uniform weak-* topol- 
ogy. Denote the density fluctuation field acting on functions H G §(M) as 



In 

xe 



Denote by 7:>([0, T], §'(R)) and C([0, T], §'(K)) the spaces of right continuous 
functions with left limits and continuous functions respectively from [0, T] to 

§'(M). 

We now state a result from the literature which has been proved for some 
processes (cf Il24l . Il36l [Chapter 11] for zero-range processes with bounded 
rate, If53l . |22] for simple exclusion processes, and l621[Section II. 2. 10] for ex- 
clusion systems with speed-change), sometimes from more general initial con- 
ditions, when the asymmetry is of order 0{n~^). 

Proposition 2.1. For 7 = 1, starting from {/i"}, the sequence {3^";n > 1} 
converges in the uniform topology on £'([0, T], 5'(M)) to the process yt which 
solves the Ornstein- Uhlenbeck equation 



dtyt = ^^'M^yt + ^^'b{p)'^yt + JlMp)^m, (2.9) 
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where VVt is a space-time white noise with unit variance, and ~ y^, the field 
given in (CLT). 

The Ornstein-Uhlenbeck equation ( I2.9I I has a drift term coming from the 
weak asymmetry of the jump rates. The drift, as is well known, can be under- 
stood in terms of a characteristic velocity v = {a/2)ip[{p) from considering the 
linearization of the hydrodynamic equation ( 12.81 1 (cf ll62]i rChapter II. 2]). How- 
ever, it can be removed from the limit field by observing the density fluctuation 
field in the frame of an observer moving along the process characteristics. De- 
fine 

If 7 = 1, Proposition 12. II is equivalent to the statement that 3^"'^ converges in 
the uniform topology on £'([0, T], §'(M)) to yt, the unique solution of the drift- 
removed Ornstein-Uhlenbeck equation 



dtyt = ^f'M^yt + \j i^^b{p)^Wt- (2.10) 

This equation of course corresponds to ( 12.91 1 with a = 0, is well-posed and has 
a unique solution (cf Il64ll ). 

Now we increase the strength of the asymmetry in the jump rates by de- 
creasing the value of 7. We show for 1/2 < 7 < 1, starting from the measures 
{/i"}, that there is no effect in the convergence result of the fluctuation field. 

Theorem 2.2 (Crossover fluctuations). For 1/2 < 7 < 1, starting from initial 
measures {^i"}, the sequence {X'^! " — 1} converges in the uniform topology on 
-D([0, T], §'(R)) to the process yt which is the solution of the Ornstein-Uhlenbeck 
equation ( I2.10D with initial condition y^ = y^ given in (CLT). 

However, for 7 = 1/2, which is a threshold, a much different qualitative limit 
behavior is obtained as the strength of the weak asymmetry in the jump rates 
is big enough to influence the limit field. As mentioned in the introduction, 
the limit field yt should satisfy, in some sense, a stochastic Burgers equation, 
written in our framework as 

dtyt = "^i^yt + l^'iipWy^ + \[^Mp)vWt. (2.11) 

although it is ill-posed. 

We now detail in what sense we mean to 'solve' ( 12.111 ) in terms of a mar- 
tingale problem. Let t : K [0,oo) be the function i{z) = (l/2)l[_i.i](z). 
Also, for < e < 1, define l^{z) = e^^i{£^^z) and let : M ^ [0,oo) be a 
smooth compactly supported function in S(R) which approximates be'. That is, 
ll'^':lli2(K) - 2||''£|li2(R) = e and 

lime^^^^llGj - i£||L2(R) = 0. 

Such choices can be readily found by convoluting with smooth kernels. Also, 
for a; G M, define the shift so that TxGe{z) ~ Ge{x + z). 
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Consider now an S'(M)-valued process {yt;t e [0,r]} and for < s < t < T 

let 

2 

dxdu. 



H 

We say the process y. satisfies the Cauchy energy condition if for each H e 

§(M), 

{Al^t{H)) is Cauchy in probabiUty as e | (2.12) 

and the hmit in probabihty does not depend on the particular smoothing family 
{Ge}. This limit defines the process {AsX^ < s < i < T} given by 

AsAH) := l^raAlAH), 

which is §'(R) valued (c£ (HCp- 364-365; Theorem 6.15 and Coroll ary 6 .16]). 

We will say that {yut G [0,T]} is a Cauchy energy solution of ( I2.11D if the 
following conditions hold. 

(i) Initially, J^o is a spatial Gaussian process with covariance C{G,H) for 
G,i/e§(R). 

(ii) The process {yt; t e [0, T]} satisfies the Cauchy energy condition (|2ri2]l. 

(iii) Then, the §'(K) valued process {Mt : t e [0,T]} where 

Mt{H) :^ y,{H)-y„{H)-^ J^y,{AH)ds-^^^AoAH) (2.13) 
is a continuous martingale with quadratic variation 

{Mm) - ^W'^mhm- 

In particular, condition (iii) specifies, by Levy's theorem, that Mt{H) is a Brow- 
nian motion with variance ((p6(p)/2)t|| Vif|||2(R). 

We also define a stronger notion of solution to ( 12.111 1 which may be verified in 
some cases. We say that yt satisfies the energy condition if in ( I2.12D . instead 
of in the probability sense, we assert ^(ff)} is Cauchy in with respct to 
the underlying probability measure, and As,t{H) is its limit. Then, we say 
y^ is an energy solution of ( I2.11D if (i) holds as before, (ii)' the energy 
condition holds, and (iii) holds with respect to the limit AsA^)- 

Theorem 2.3 (KPZ fluctuations). For 7 = 1/2, starting from initial measures 
{//"}, the sequence of processes {y"'^ ■ n > uq} is tight in the uniform topology 
on D{[0, T], §'(R)). Moreover, any limit point ofy"'^ is a Cauchy energy solution 
with respect to ( I2.11D with initial field J'o given in ( CLT). 

If the initial measure is /^j" = Vp, any limit point of y^'' is an L? energy 
solution of ( 12. im with initial field J'o given in (CLT). 

Remark 2.4. We now make the following comments. 

1. Formally, equation ( I2.13D corresponds to the stochastic Burgers equation 
( 12. im where the nonlinear term is represented by ^o,t • We remark, as in IH, by 
taking a fast subsequence in e, one may write A^.t as a function of ■ u<t}, 
and form an equation which yt satisfies ( I2.11D a.s. on a type of negative order 
Hermite Hilbert space. 

2. We also remark, as alluded to in the introduction, if there were a unique 
Cauchy (or L^) energy solution, that is uniqueness of process in the associated 



14 



PATRfCIA GONgALVES, MILTON JARA, AND SUNDER SETHURAMAN 



'martingale problem', since with respect to simple exclusion the fluctuation 
field limit is in terms of the 'Cole-Hopf solution of the KPZ equation 1151 . not 
only could one conclude a unique fluctuation field limit in Theorem l2.3l in the 
framework of particle systems considered, but also identify it in terms of the 
'Cole-Hopf apparatus. 

3. In addition, the space §'(R), in the results Theorems 12.21 and 12.31 and 
notions of Cauchy and energy solutions, can be relaxed to a Hermite Hilbert 
space H-k with fc > 4 which is strictly contained in §'(R). [With respect to 
Proposition 12.11 starting from Vp, this has already been proved in the models 
mentioned just before the proposition statement.] To make this improvement, 
since all arguments with G € S(R) use only properties of functions in H4, we 
need only show y"''^ is tight in the uniform topology on D([0, T]; "H-fe) with 
fc > 4. In particular, in Section [6l we define these Hermite spaces and show 
how to improve the simpler tightness argument on §'(R) given in the main 
argument. 

4. We also note that the statement of Theorem 12 . 3 1 is non-trivial when a ^ 
and b is such that 

V'^P) ^ 0. (2.14) 

Otherwise, when Lp'l{p) ~ 0, the limit field yt satisfies the Ornstein-Uhlenbeck 
equation ( 12.101 1. Examples, fitting in our framework, where the second deriva- 
tive vanishes include types of zero-range, that is independent particle systems 
where (pb{p) = 2/? which are in the EW class. 

2.3. Model 1: Zero-Range Processes. The one-dimensional weakly asym- 
metric zero-range process 77", on the state space il Nq , consists of a collection 
of random walks which interact in that the jump rate of a particle at vertex x 
only depends on the number of particles at x. More precisely, the generator is 
in form ( 12.11 1 where 

^^•"('7) = givix)) and 5(^(2^ + 1)) 

do not depend on n and are fixed with respect to a function g : No IR+ such 
that g{0) = 0, g{k) > for fc > 1 and g is Lipschitz, 

(LIP) supfc>o |.g(fc + 1) - gik)\ < ^. 

Under this specification, a Markov process 77" can be constructed (on a subset 
of fi) El. Hence, (Rl) holds and we identify the fixed function c" = c as 

civ) = .9(77(0)). 

The zero-range process possesses a family of invariant measures which are 
fairly explicit product measures. For a > 0, define 

Let a* be the radius of convergence of this power series and notice that Z 
increases on [0, a*). Fix < a < a* and let I'a be the product measure on 
whose marginal at the site x is given by 



STOCHASTIC BURGERS EQUATION FROM MICROSCOPIC INTERACTIONS 



15 



It will be useful to reparametrize these measures in terms of the 'density'. Let 
p{a) := [?7(0)] = aZ'{a)/Z{a). By computing the derivative, we obtain that 
p{a) is strictly increasing on [0,a*). Then, let a(-) denote its inverse. Now, we 
define 

so that {vp : < p < p*} is a family of invariant measures parameterized by 
the density. Here, p* = X\ma.-\a' p{a), which may be finite or infinite depending 
on whether Wuia^a* 2 (a) converges or diverges. 

Note, since i^p is a product measure, that i^p^^^ = i^^ ior < z < p* , and 
condition (D) holds. 

One can readily check that (R2) holds: 

Also, by the construction in ||59]| . which extends the construction in Il2) to 
an L'^{vp) process, we have that L„ is a Markov L'^{vp) generator whose core 
can be taken as the space of all local L'^{vp) functions. [Indeed, in ||59]| . a core 
of bounded Lipschitz functions is identified; however, since any local Li^ivp) 
function is a limit of bounded Lipschitz functions, and the formula ( 12.11 ) is well 
defined and bounded for a local L'^ivp) function, by dominated convergence 
the core can be extended.] It follows that the measures {vp : Q < p < p*} 
are invariant for the zero-range process. Also, (IM) holds as Vp is a product 
measure whose marginal has some exponential moments. In addition, one can 
check that (EE) holds by Proposition l5.ll 

We now address the spectral gap properties of the system. Since the mea- 
sures are product measures, the gap does not depend on the outside variables 
i. However, the gap depends on g, as it should since g controls the rate of 
jumps. We identify three types of rates for which a spectral gap bound has 
been proved. 

• If 5 is not too different from the independent case, for which the gap is of 
order 0{(.~'^) uniform in k, one expects similar behavior as for a single particle. 
This has been proved for d > 1 in 14011 under assumptions (LIP) and 

(U) There exists xq and £o > such that g{x + xq) — g{x) > eq for all x >0. 

• If 5 is sublinear, that is = a;'' for < 7 < 1, then it has been shown the 
spectral gap depends on the number of particles k, namely the gap for d > 1 is 
0((1 + pye-^) where p = k/{2i + 1)'' BHU. 

• If g{x) ~ l{x > 1), then it has been shown in d > 1 that the gap is 
0((1 + where /3 = k/{2(, + 1) El. In d = 1, this is true because of the 
connection between the zero-range and simple exclusion processes for which 
the gap estimate is well-known ||50]| : The number of spaces between consecu- 
tive particles in simple exclusion correspond to the number of particles in the 
zero-range process. 

In all these cases, (G) follows readily by straightforward moment calcula- 
tions. 



2.4. Model 2: Kinetically Constrained Exclusion Systems. We consider a 
version of the exclusion process, developed in lISOl Tsee also references therein]. 
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in one dimension on = {0, 1}^ where particles more likely hop to unoccupied 
nearest-neighbor sites when at least m — 1 > 1 other neighboring sites are full. 
When m = 2, the rates are in the form 

b^''\il-e) = 7/(x)(l-r;(a- + l))[r7(x-l) + 77(a. + 2) + |- 

6^'"(77;0) = ?/(.T + l)(l-rKx))[r,(.x-l)+77(a. + 2) + ^ 

L 2n 

with respect to a parameter 6 > 0. If 6 would vanish, particles can jump from 
site a; to a; + 1 exactly when there is at least 1 particle in the vicinity of the 
bond (a;, x + 1). However, with 9 > 0, the jump from a; to x + 1 may also occur 
irrespective of the neighboring particle structure with a small rate 6/ {2n). 
When m > 2, the rates generalize to 

hf'\r^-e) ^ r^{x){l-r^{x + l))A^{me) and h^,'\T^- 6) ^ r^{x + ~ in{x))A^{in- 9) 
where An{rj\ 9) equals 

— 1 2 rn— 1 m g 

n ^(•^+.?)+ n V{^+3) + ---+ \{^l{x+3) + X{v{x+:i) + l^■ 
j=-{rn-l) j = -(m-2) j=-l 3=2 

The role of 6* > is to make the system 'ergodic'. If 6' = 0, there would be 
an infinite number of invariant measures, such as Dirac measures supported 
on configurations which cannot evolve under the dynamics. The hydrodynamic 
limit for this model corresponds to the porous medium equation, dtpt{t,u) ~ 
lS.p'"^{t, u), and so the model may be thought of as a microscopic porous medium 
analog. 

Now, one may calculate that b^'^{'q;9) — b^'^{rj;9) = c^{ri) - c^_^_i{ri) where, 
for TO > 2, 

m— 1 1 m— 1 « 



j = -(m-l) i=0 j = -(m-l) j = -l 



In the case m = 2, the last formula reduces to c^^{rj; 9) = — 1)7^(0) + ri{Q)'q{l) — 
7?(-l)r;(l) + 1^77(0). 

Of course, uniformly in 77, as n t 00, the terms involving 9 vanish, 

6f'"(77;0) ^ 6«(77) by{ri), bt''irj;9) -> b^{v) b^^'^^O) 
and c"(77;6l) ^ c := c\tj;0). 

Consider now the Bernoulli product measure on fl: 

i^P = Y\.P-P where ^p(l) = 1 - /ip(0) = p 

for p € [0,1]. By the construction in 143], it is now standard that is a Markov 
L'^{vp) generator. One may also inspect that condition (R2) holds with respect 
to Vp. Hence, Vp is invariant for p e [0,1]. Condition (IM) also holds as Vp 
supports two-state configurations. In addition, as Vp is a product measure, 

M 



and (D) holds. Also, by Proposition l5.1[ (EE) is satisfied. 



We now discuss the spectral gap behavior of the process. 
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Proposition 2.5. For kinetically constrained exclusion processes evolving on 
Ai, when m>2, there exists a constant C, uniform over ^ and n, such that 



W{k,e,C,n) < Ci'^i^-j l(fc > 1). 



When m ~ 2 and k < £/3, the above spectral gap estimate is already given 
in ||30]| [Proposition 6.2]. However, a straightforward modification of the proof 
IMI [Proposition 6.2] yields the more general estimate in Proposition [2]5j [In- 
deed, the difference when m > 2 is that to bound equation |[30l [(6.10)] in the 
general case, one uses that there at most Cj '"^^ ways to arrange m— 1 particles 
in an interval of width j. Now, a similar optimization on j as given in the proof 
of Il30ll [Proposition 6.2] leads to the desired generalized spectral gap estimate.] 

Lemma 2.6. For the kinetically constrained exclusion model, the spectral gap 
condition (G) is satisfied. 

Proof With respect to a constant C, which may change line to line, 



< CtE^ 



1 



2i- 



< rj^'> < e 



.2^+1 

for a fixed e < p. Then, as Vp is a Bernoulli product measure, by Markov's 



inequality E^^ W[ Y^xeA, vi^)^^^ ^ 



< C£''foralR> 1. 



□ 



2.5. Model 3: Gradient exclusion with speed change. In this version of 
exclusion on O = {0, 1}^, rates are chosen which correspond to a Hamiltonian 
with nearest-neighbor interactions, 

Qpiv) = -/3^(7?(x)-1/2)(t;(x + 1)-1/2), 

and which will be reversible with respect to a Markovian measure 1^1/2- That 
is, specify 1^1 /2 by its finite-dimensional distributions 



^i/2[riix) = e{x) : x € Ai\r]{y) = ^(y) for y <^ Ai 



-Q,3,f(e,?) 



where 



Q/3,£(e,e) = -/3 (e(a;)-l/2)(e(x + l)-l/2) 

£c,£!;+leAf 

- 1) - l/2)(e(-^) - 1/2) - /3(e(f) - 1/2)(C(£ + 1) - 1/2), 

e, ^ G ^2 and Z = Z(^, ^) is the normalization. It is not difficult to see that 
is Markovian with transition matrix 



P 



1 



g;3/4 g-/}/4 
g-/3/4 g/3/4 



and ,[77(0)] - 1/2. 
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We now introduce a family of reversible measures by use of a 'tilt' or 'chem- 
ical potential' A. Define ^1/2^ again specified by its finite-dimensional distribu- 
tions, through the relation 

dv^^^ g-AE.eA,W-)-V2) 

-l[^Hx) = : x e Ke\ri[y) = ^(y) for y ^ A^) = — 

1/2 

where e, ^ e and Z' = Z' is another normalization. These measures are 
also Markovian with transition matrix 



Px = 

where 



pi = e/3/4-A/2 ^ g-/?/4+A/2 ^ g-/3/4- A/2 ^ g/J/4+A/2 ^ (2.15) 

To parametrize in terms of 'density', recall i^^j^'' ~ Vz where A(z) is chosen so 
that E^^_ [77(0)] = z. 

Then, as discussed in II62[ Section II. 2. 4], (R2) is ensured if we take the rates 
6^'" = and 6^ " = 5^ which don't depend on n as 

h^Xrt) = 77(a::)(l-77(x + l))[Q;i77(a:-l)77(x + 2) + a2(l-?7(a;-l))77(x + 2) 
+a3?7(a; - 1)(1 - nix + 2)) + 0-4(1 - ^{x - 1))(1 - -q^x + 2))] 

^^A"^) = 77(2; + 1)(1 - ?7(a;))[ai?7(a;- 1)77(2:^ + 2) + 03(1 -?7(x-l))77(x + 2) 
+a2i]{x - 1)(1 - 77(0; + 2)) + 04(1 - 77(x - 1))(1 - 77(3; + 2))] 

where ai, 02 = e'^as, > 0. The condition (Rl) also follows if we also assume 
that ai — Q!2 — ^3 + Q4 = so that, as can be checked, c(j]) takes the form 

0(77) = a477(0) + (a3 - a4)77(-l)77(0) + (as - "4)77(0)77(1) 

+(a4 - a2)?7(-l)??(l) + («2 - a3)77(-l)77(0)77(l). 

Again, by ||43]| . L„ is a Markov L^ivp) generator for the process. We note 
when /3 = and a; = 1 for i = 1,2,3,4, the model is the simple exclusion 
process and 1^1/2 is the Bernoulli product measure with density 1/2. 

The spectral gap for a more general model, including this one, has been 
bounded as follows EH: Uniformly over k and ^ (it doesn't depend on 77), we 
have 

Hence, (G) holds. 

Also, as 7^1/2 supports two-state configurations, is FKG, and is exponentially 
mixing both (IM) and (D) hold. Explicit computations are also possible here to 
show Ej^\ [7/(0)] strictly increases in A. In Proposition 15.21 we show that (EE) 

1/2 

holds. 

3. Proofs-Outline 

The strategies of the proofs for Theorems 12.21 and 12.31 are similar. We con- 
sider the stochastic differential of 3^"'^ and represent it in terms of corrector 
and martingale terms. Tightness is shown for each term in the decomposition 
of 3^"'^. Under the assumption that the initial measure is the invariant state 
Vp, limit points are identified using a Boltzmann-Gibbs principle, and shown 
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to satisfy ( I2.10l > when 1/2 < 7 < 1 and to be energy solutions of ( I2.11D when 
7 = 1/2. When the initial measures {^i"} satisfy (BE), the entropy inequality 
then allows to characterize the limit points as desired. 

In the following Subsections 13.11 - 13. 3[ associated martingales, Boltzmann- 
Gibbs principles, and tightness are discussed. In Subsection 13.41 limit points 
are identified and Theorems 12 . 2 1 and 12 . 3 1 are proved. 

To reduce some of the notation, we will drop the superscript 'n' in the rate 
functions and write 6^'" = b^, 6^'" = b^, 6" = b^, fo" = 6, c" = and c" = c 
until Subsection 13. 41 



3.1. Associated Martingales. For H e §(R), a- e Z and n>l, define 
Define also, for 7, s > 0, the functions 

We note, in ^f-y,s, the process characteristic shift is along n^^Z, which helps 
make tidy some proofs (in applying a Boltzmann-Gibbs principle (Theorem |3.2| l 
in proofs of Propositions [3l3] and [3^ . instead of along R 

Let F{s, Tjl^;H, n) = yi^'^H), and F(7?; H, n) = n-1/2 ^^^^^ H{x/n){'n{x) - p). 
Although, F{ri; H, n) is an L'^{vp) function, in general it's not a local function. 
However, by approximation by local functions and noting by condition (Rl) that 
\b{''l)\ < C'Z]|2;|<i? '7(^)' one may conclude F{ri;H,n) and also F^{ri;H,n) belong 
to the domain of L„. In particular. 



H, 



7,s 



{■) = H[- — 

n. 



2ni 



Also, 



Then, 



M'^'-'iH) := F{t,rj^;H,n)-F{0,ijl^;H,n) 

- f ^F{s,ij:-H,n) + L^F{s,ij:-H,n)ds 

Jo Os 



is a martingale. We may decompose 



Xj'-T(iJ) = yl''\H) - y^^''{H) - I^'\H) - Sr^(-ff) - K'^H) (3.2) 
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where 



Here, we introduced the centering constants ipc{.p) and ^Pbip) in X" '*' and K" ''' 
as A"i/^ s and V"i/^ both sum to zero. Also, 

,s) ^ A;^(H,., - H,.,) = O(n-i) . A^'i?;, + 0(n-2) • i/(^](x7n) 

where — a:], |a;" — a;| < 2. 

To capture the quadratic variation (tM" we compute 

i„F(s, 77,"; i/, nf - 2F{s, r,':;H, n)Lr,F{s, if:- H, n) 

xez xez 



so that {M'^'^{H)f - {Mt'''{H)) is a martingale with 

1 

7. 



r ^E (^-(^") - c.+i(77r))(vsi?,,.)2ds. 

^^17 



When starting from the invariant measure Vp, noting the bounds in (Rl), we 
have 



, ft 

< 



{ I (^E(^"^7.s)')d4[^^^.'.[^('7)] + ^^^p[|co(^)-Ci(77)|]' 

•^^ " xez " 

(-E(^"^7..)')rfs- (3.3) 

x£Z 

To express an exponential martingale, we now observe for < A < \{H,n) 
small that exp{AF(77; H, n)} is in the domain of L„. Indeed, if i7 is a local func- 
tion, as Vp is assumed in (IM) to have small parameter exponential moments, 
then cxp{Ai^(77; H, n)} e L'^{vp) for all small A. Again, an approximation argu- 
ment when H e S(M) is not local shows also cxp{AF(7/; iJ, tt,)} belongs to the 
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domain of L„. We calculate 

cxp { - XF{u, r^^;H,n)}(^-^ + L„) exp [xF{u, r,^;H, n)} 
= [6f(7yK(exp{An-3/2(VSi7^^„)} - l) 

+5^(?7)(Z„(cxp{ - An-3/2(v;'i/^^„)} - l) 



1 f aXip[{p)n^ 
23/2 \ 2n'r 



}^Vi/^.„(x/n)(77:(x)-p) 



which, given the assumptions on b in (Rl) and on moments of I'p in (IM), be- 
longs to L'^{vp). 



Hence, by (the proof of) EIlLLemma IV.3.2], 



is a martingale. We may expand t in terms of A as 

- cxp[x{M'nH)^M':''iH)) 
-^{M'l^\H)-M':-^(,H)) + ^ j^ TZidu+^J^ 7^2du + A5^*7^3du} 

where 



7^l(w) 



7^2 H 



2^ 



2„6+(l/2+7) 



By the gradient condition and the bound on b in assumption (R), one may com- 
pute for i = 1,2 that 



(3.4) 



Since E,yp[Zs,t] = 1, by expanding in powers of A, using Schwarz inequality, 
the bound on the quadratic variation ( 13. 3D . bounds on TZi ( 13.41 1. and invariance 
of Up, we obtain a bound for the fourth moment of M"''^{H) — M^''^{H): 



< C{a,H)\\b\\U^p){\t-s\'+n~^'^\t-s\). (3.5) 
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3.2. Generalized Boltzmann-Gibbs principles. To treat the stochastic dif- 
ferential of 3^"'^, we replace the spatial terms of form J2xei. H^)'''xf{v)y where 
/i is a function on Z and / is a local function, in terms of the fluctuation field 
itself to close the evolution equations. Such replacements fall under the term 
'Boltzmann-Gibbs principles' coined by Brox-Rost in II18II which have general 
validity. For instance, the following result forms the backbone of the argument 
for Proposition l2.1[ when starting from the invariant measure i^p, with respect 
to the papers cited just before the proposition statement. 

Proposition 3.1. Let f be a local L'^{vp) function. For t > and h e ^^(Z), we 
have 



lim 

71— >-00 



1 



E (^-/(^") - ^f(p'^ - - p))Hx)ds 



0. 



We now state a main result of this paper which provides a sharper estimate, 
perhaps of independent interest, when starting from Vp. To simplify expres- 
sions, we will use the notation 



2£ 



y)- 



Theorem 3.2 (L^ generalized Boltzmann-Gibbs principle). Let f be a local 
L^{up) function supported on sites Ae„ such that ffip) = = 0. There exists 

a constant C = C{p) such that, fort>0,£> £g and h e t {L) n ^^(z). 



2 I 



ysr\^)^p 



^^ii/iiiv.)(?J(^E'^^(-)) + SGEiM^)i 

On the other hand, when only ipf{p) — is known. 



E (^-/(''") - ^'fip){{ri^f\^) - P}h{x)d^ 



-Ei'^(^)i 



Here, ao > is the power in assumption (EE). 

The proof of Theorem 13.21 in given in Section |4l We note, if the uniform 
spectral gap holds, sup^^^^ „ £^^W{k, £, ^, n) < oo, then the argument shows one 
can replace in the right-sides above ||/||l5(,^p) with ||/||L3(zyp)- 

3.3. Tightness. We prove tightness of the fluctuation fields, first starting from 
the invariant measure Up, using the generalized Boltzmann-Gibbs principle. 
Then by the relative entropy bound ( I2.6I >. we deduce tightness when beginning 
from initial measures {^i"}- 

Proposition 3.3. The sequences {3^"''^ : t e [0,r]}„>i, {M^''' : t e [0,T]}„>i, 
{ir^^ : t e [0,T]}„>i, {S,"'^ : t e [0,r]}„>i, {/CJ'-^ : t e [0,T]} and {(A^^'^) : t e 
[0,r]}„>i, when starting from invariant measure Vp, are tight in the uniform 
topology on ^([O, T], S'(R)). 



STOCHASTIC BURGERS EQUATION FROM MICROSCOPIC INTERACTIONS 



23 



Proof. By Mitoma's criterion ||45]| . to prove tightness of the sequences with re- 
spect to uniform topology on D{[Q, T], §'(R)), it is enough to show tightness of 

{y:'\H);t e [0,r]}„>i, {M^i^-^iH) : t e [0,T]}„>i, : t G [0,T]}„>i, 

{B'l'^iH) : t e [0,r]}„>i, {JCriH) : t G [0,T]} and {(Air-^(i^)) : * e [0,T]}„>i, 
with respect to the uniform topology for all H e §(K). Note that all initial 
values vanish, except y'Q'"'{H). 

Tightness ofy"''^{H), in view of the decomposition Yt'^'iB) = yo''^{H) + 
I'^-^H) + B'^-^H) + iq-\H) + Mt'^'iH), will follow from tightness of each 
term. The tightness of yl^''^{H), given that we begin under Vp, follows from 
assumption (IM). 

For the martingale term, we use Doob's inequality and stationarity to obtain 



J sup \M",^\H)-M:''^m>e) 



t-s|< 

0<s,t<T 



sup iA^r'"(^)-A^r'"(^)r 



\t-s\<S 

0<s,t<T 



< 



Ce-^S-'E,^[{MriH)) 



4n 



Now, by the fourth moment estimate ( I3.5D . we have 

S-^E,^[{MUH)y] < C\\bhH^.,){S + n-^/') 

which vanishes as n t oo and then (5 | 0. This is enough to conclude that 
{Ml''''{H) : t e [0, T]}„>i is tight in the uniform topology. 

We now prove tightness for B"''^{H) through the Kolmogorov-Centsov crite- 
rion. The argument for is similar. Also, the proofs for {M'^'^[H)) and 
IC"'''{H), given their forms, are simpler and can be done using invariance of Vp 
by squaring all terms. We focus on the case 7 = 1/2, given that the estimates 
are analogous and simpler when 1/2 < 7 < 1. Let 

By assumption (Rl), Vb has range R. Also, by its form, ipv^ (p) = ^Py^ (p) — and 
also = (f'^ip). 

Then, 

By invoking Theorem 13.21 and translation-invariance of i^p which allows to re- 
place V"-ff-y,<, with V"i7 (which does not depend on time s), for £ > £l = R^, we 
have 



(3.6) 



x^X x^l 



On the other hand, given sup£>j^ [(%/£(?/ — p))^] < 00 by assumption 
(IM) and Iv'Jj'lp)! < C'||^||L2(i/p) by assumption (D), and the Schwarz inequality 
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(E^ h{x)r{x)f < {Y,, \h{x)\) \h{x)\r^x), we have for £ > that 

Hence, for £ > R^, we have E^^[(Bt''' (H))^] < C{a, p, H)\\b\\l,^^Jte/n + 
t^n^/e\ noting the domination n^/f+°'« < n^/f-. Then, if ^ is taken as ^ = 

ii/3„ > i?3_ conclude E,^ [(^"'''(i/))^] < C{a, p, H)\\b\\l,^^^^t^^^. 

However, when t^/^n < i?'^, we have by the same Schwarz bound that 

E,^[{BT^iH)f] < C(p,a)||6||i.(,^)tV(l5]|V^i/|)' 

X 

< C{p,a,H,R)\\b\\l,^^^/^^ 

This shows tightness of 

Combining these estimates, we conclude the proof of the proposition. □ 

We now update to when the process begins from the measures {p-"}. 

Proposition 3.4. The fluctuation field sequences {3^"'^ : t e [0, T]}„>i, {Al"'^ : 
t e [0,T]}„>i, {ir^ : t e [0,T]}„>i, {6,"'^ : t e [0,T]}„>i, {/C^^ : t € [0,r]} 
and {{Mt''^) : t G [0, r]}„>i are tight in the uniform topology on D{[0, T], 
when starting from {^tt"} satisfying assumption (BE). 

Proof As before, all initial values vanish except y^'"' which however is tight 
by (CLT). Next, by Proposition [3]3l we have lima^o lim,i^oo {OgJ = where 



oL = { sup ii^r-^ni >4' 

s.te[Q,T] 

and X'l' may be equal to yl'-\ M'i'\ K'^ or (7W^'^). Then, we 



have by the entropy inequality i2.6i that also liiiii-^o lini„^oo P/x" {Os,e) = which 
allows to conclude. □ 

3.4. Identification of limit points: Proofs of Theorems l2.2l and l2.3i With 
tightness (Proposition 13. 4D in hand, we now identify the limit points of {3^"'^ : 
t e [0, T]} and its parts in decomposition ( 13. 2D . Let Q" be the distribution of 



and let ri' be a subsequence where Q" converges to a limit point Q. Let also J^t, 
Mt,It,Bt,JCt and Pt be the respective limits in distribution of the components. 
Since tightness is shown in the uniform topology on D([0, T], §'(R)), we have 
that yt, Mt,It, Bt, K,t and Vt have a.s. continuous paths. 

Let now : R — > [0, oo) be a smooth compactly supported function for 
< £ < 1 which approximates = e^^l[_i i](ze^^) as in the definition of 
energy solution before Theorem That is, ||Ge||^2(R) < 2||te||^2(K) = e^^ and 
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linie^oe ^/^||Ge - te||L2(R) 0. Define 

rt 



A:f\H) := I - Y^{VlH)[r^y:^''{G,)Ydu. 

Since for fixed Q < e < I the map tt. h- j^du J dx(yH{x)){Tru{T^xGe)Y is 
continuous in the uniform topology on D{[0, T]; S'(M)), we have subsequentially 
in distribution that 

]imA:'f''{H) = fduj dx{VH{x)){yu{T^,G,)}' =: Al,{H). 

Proposition 3.5. Suppose the initial distribution is the invariant measure Vp 

and t e [0, T]. 

When 7 = 1/2, there is a constant C ~ C{a, p) such that 



lim 



< Ct{e + e-'\\G,-m,. 



iVi/ll 



Then, in L'^{F^^), Aq^^{H) is a Cauchy e-sequence. Hence, 

^-^A^AH) := lirn^-^Aim = Sm- 

In particular, we conclude As.tiH) == Ao,t-s{H) does not depend on the specific 
smoothing family {G^}. Moreover, when 1/2 < j < 1, we have Bt{H) = 0. 
In addition, when 1/2 < 7 < 1, 



lim E,, 

n^oo 

lim Ej. 

Ji. P 

nyoo 

lim Ejy 



y;'''{AH)ds 



= 
= 



Then, in L^(P,.J, ICt{H) = and 

UH) = ^J^ysiAH)ds and D,{H) ^ ^t\\VH\\l.^^y 

Proof. We prove the hmit display for Bt (H) when 7 = 1/2 which shows, by a Fa- 
tou's lemma, that E^^ [\BtiH) - {aip'^{p)/A)AltiH)\^] < C(a, p, H)te. Therefore, 
AQ t{H), as a sequence in e, is Cauchy in L'^{Vi,J. The arguments for It{H), 
Vt{H), and lCt{H), noting their forms, are similar; for Vf{H) and /C^(i^) one 
might also use spatial mixing assumed in (IM). To simplify notation, we will 
call n = n' . 

Note, for i = en, that 

Y,{v-H,^s){{v:f\x)-p)' = ^(vL'i?,,.)(^^^ ^ (^r(z+x)-p))' 



l + 0(n-i) 



\z\<.ne 
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Here, the shift by n ^ Ya^p'^^{p)sn'^ / (2?!''')] in V^H^,s (cf. ( I3.1I I) was transferred to 
Then, with £ ~ en, by Theorem l3.2[ as in the bound ( I3.6D . we have 



lim 

n^oo 



lim E 

n\oo 



< liniC(a,p)||6"|||4(, afe+^-^ ) 



Here, as the sum of V"i7^,s on x vanishes, we introduced the centering con- 
stant {2e)~^af {p) in the second hne. 
Now, 

y^'^i'^ef-y^'^iGsf = [y:'''i>^e)-ys''iG,)]-[y^'^ic,)+y:''>iG,)] 

and by (IM2) 



C,^{i, - Ge,ie - Ge) '-C^^ii, + G„i, + G^) ^ < C{p)e-'/^\\G, - 

Hence, by Schwarz inequahty, 

Um E.^ [( /* -Y,iV:H)r,y-'''iL,rds - A^riH) 
"Too LV7o 

< C{p)e-'\\G, - ieWl^-^/i]- E IK^ 



Finally, combining these estimates with the inequality (a + 6)^ < 2a? 
and by assumption (D) that lim„^oo ^'br^ (p) = ^bip)' we finish the proof 



262, 
□ 



Proposition 3.6. Suppose the initial measures {/i"} satisfy assumption (BE), 

and t e [0, T]. 

When 7 = 1/2, we have AQ t{H) is a Cauchy e-sequence in probability with 
respect to the limit measure Q, and hence 

On the other hand, when 1/2 < j < 1, we have Bt{H) = 0. 
When 1/2 < 7 < 1, w;e have ICl'{H) = 0, 



y,{AH)ds and X't(-ff) = 



'Pbip) 



twvm 



Proof. By assumption (BE), and lower semi-continuity of entropy, the limit 
measure Q also has bounded entropy with respect to V^^ , H{Q; Fi,J < oo. When 
7 = 1/2, by the L^^p ) statements in Proposition |3.5i we have for J > that 
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lim^io Q{\Bt{H) - {aip'l{p)/4)AliH)\ > S) = and so AI{H) is Cauchy in proba- 
bility with respect to Q. Therefore, lime;o(a<P& (/5)/4)^f (i?) = Bt{H). 

The other claims follow similarly □ 

Proof of Theorems IMl and iial Let H e S(R), t e [0,r], and suppose the 
initial measures are {a*"}- When 7 = 1/2, by the decomposition ( I3.2I >. Proposi- 
tionlSH and tightness of the constituent processes M"''', X'''', 3^o ^t'''' K'''^ 
and /C"'^ in the uniform topology, any limit point of 

satisfies 

Mt{H) - y,{H)-yo{H)-^ 
However, when 1/2 < 7 < 1, 



Jo 



Mt{H) = yt{H) - 3^o(^) - ^ ^ 3^.(AiJ)ds. (3.7) 

Also, in both cases, yo{H) = yo{H) by assumption (CLT). 
We also claim in both cases that Mt{H) is a continuous martingale with a 
quadratic variation 

{Mt{H)) = ^t|iVi?|li.(M). 

Indeed, by Proposition l3.6[ any limit point of the quadratic variation sequence 
equals Vt{H) = {ipb{p) /2)t\\V H\\'j^2^s)- Next, Mt{H) as the limit of martingales 
with respect to the uniform topology is a continous martingale. Also, by the 
triangle inequality, Doob's inequality and the quadratic variation bound ( 13.31 1, 

1/2 



supE^ 



0<s<t 



sup \M:-\H)-M^'J{H)\ < 2supE.^ sup IM'^-^H)] 



|2 



uG[0,t] 



< 2snpE JiMrmV^' < C{a,T)\\b\\L^i,JVH\\l., 



Then, by ll34lirCorollarv VI.6.30], {Mt'^'{H), {Mt'''{H))) converges on a subse- 
quence in distribution to {Mt{H), {Mt{H))). Since, also {M"''^{H)) converges 
on a subsequence in distribution to 'Dt{H) = {ip},{p) /2)t\\V H\W.2^^y we have 
{Mt{H)) = (^b(p)/2)t||ViJ||i.(K). 

By Proposition 13.61 when 7 = 1/2, J^t is a 'Cauchy energy solution' corre- 
sponding to the stochastic Burgers equation ( |2.11| >. But, if initially ^" = Vp, 
by Proposition 13.51 yt is an 'L^ energy solution'. This completes the proof of 
Theorem im 

However, when 1/2 < 7 < 1, by the form of Mt{H) in ( 13.71 1. we conclude 
yt{H) solves the Ornstein-Uhlenbeck equation ( I2.10l >. By uniqueness, all sub- 
sequences converge to the same limit, and we obtain Theorem l2.2l □ 

4. Proof of the generalized Boltzmann-Gibbs Principle 

We start by recalling the notion of i7i,„ and H^i^„ spaces. For n> no, recall 
Sn = (L„ + L*)/2(cf near ( 12.21 )). and define the i7i^„ semi-norm 1| • ||i.„ on L^(i^p) 
functions by 
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The Hilbert space i/i,„ is then the completion of functions with finite norm 
modulo norm-zero functions. In particular, local bounded functions are dense 
in Hi,„. 

Correspondingly, one can define the dual semi-norm j| • ||-i,„ with respect to 
the L'^{vp) inner-product by 

||/||_i,„ := sup I ^^^^ffl^ : 7^ local, bounded}, 

\m\i,n 

and the Hilbert space which is the completion over those functions with 

finite II • ||-i,ri norm modulo norm-zero functions. 

We now state a helping lemma for the results in this section. Define the 
restricted Dirichlet form on local, bounded functions with respect to the grand 
canonical measure Vp as 

Recall the collection 77,^ := {77(0;) : x ^ A^}. 

Proposition 4.1. Let r : ^Rbe an L'^iyVp) function and £0 > 2. Suppose that 
[r\ij^^°\ 77^^J = a.s. Then, for local, bounded functions 4>, we have 

Proof Recall, from Subsection 12. 1[ for k >Q, Iq>2 and i the space 

and generator S'n,efc 5 which governs the evolution of the symmetrized process 

on Gk,iQ-(,- Suppose W{k,lQ,S_,n) < 00 and the measure iyk,to,i unique 
invariant measure for the process. 

Given E^^[r\J2\x\<eoVix) = = for y ^ A^J = E^,,^Jt] = 0, we 

have r restricted to Gk,ia-(, orthogonal to constant functions and therefore 
belongs to the range of -5'n,efc.to.5' that is the equation r = — S'„ can be 

solved for some function u : Gk.io,£. ~^ ^■ 

Now, with k = J2xeAt '^(^)' ^(^; ^0, Jy^o, < 00 a.s. by assumption (G). 
Hence, 

|£;.^M| - |i?,^K[r0|,7(^°),r;,^J]| 

= |i?.Ji?.^[(-5„,e,,,^„.^u)0|,7^^"),,7.^J]| 

The last line follows as ~Sn,g^ ^ is a nonnegative symmetric operator, and 
therefore has a square root. 

Further, since W{k, £0, ^, n) is the reciprocal of the spectral gap for —Sn.g^^ig^^ , 
we have 

E.p [™|77('°\ < W{k, 4, 'nl,n)E,p . 
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\E.[r<f\\ < 



The desired bound now follows from Schwarz inequality. 



□ 



The following bound on the variance of additive functionals is the main way 
we control the fluctuations of several quantities in the sequel. A proof of Propo- 
sition |4]2] can be found in |[36l [Appendix 1.6]. 

To simplify notation, for the rest of the section, we will drop the superscript 
'n and write 77" = r/. 

Proposition 4.2. Let r : ^} ^ R be a mean-zero L'^{vp) function, (pr{p) = 0. 
Then, 



The proof of Theorem l3.2[ given at the end of the section, is made through a 
succession of steps, labeled 'one-block', 'renormalization step', 'two-blocks' and 
'equivalence of ensembles' estimates. 

Lemma 4.3 (One-block estimate). Let f : ^ R be a local L'^{vp) function 
supported on sites in A^,, such that (pf{p) = 0. Then, there exists a constant 
C = C{p) such that for e>ea,t>0 and h e i^Z) n e^{Z): 



^3 



Proof By Proposition 14. 2[ we need only to estimate the i/-i.„ norm of the in- 
tegrand (which is in L^ii^p) since h £ £^{Z)). Bound the norm multiplied 
by n, using Proposition l4 1[ as follows: 



sup [D,}{ct>)E,^[Y,h{x)T,{f - E,Xf\7j^'\ifi]}cf>] } 



(4.1) 



< snpD,^H^)J2\h{x)\E,^[W{ ^ ^ix),i,^^„n)']-'\\f\\LH.,)Dl,ii^-xf^ 

xei xeAi 

Observe now, by translation-invariance of Vp, that 

J2D,^Ar-x^) < (2^+l)^.p(0)- 

xez 

Then, noting the spectral gap assumption (G), and using the relation 2ab 
infK>o[a^'t + K~^b'^], we bound ( 14.11 1 by 

supi?.7(</.) inf |«C^2||^||2^ ^/^2(^) 
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where C = C(p) is a constant. This finishes the proof. 

Now we double the size of the box in the conditional expectation. 



□ 



Lemma 4.4 (Renormalization step). Let f : fl ^ R be a local L^ivp) function 
supported on sites in Af „ such that f/ip) = v^/ (p) 0- There exists a constant 
C = C{p) such that for i>io,t>Q and h e t{T) n 



On the other hand, when only (pf{p) = is known. 



•'0 ^^■7, 



Proof We prove the first statement as the second is similar. Since 



we follow now the same steps as in the proof of Lemma l4.3l to the last line. At 
this point, we need a sufficient bound on the variance 



\E.Afmv'^'\v^]~E,^[fir^)\r,(^'\r^^,MlH., 



E, 



m 



2 



St) 



2(2£ + l) 



The last equality follows from bounding the fourth moment of {rj^^^ — p) using 
assumptions (IM) and (D). We now apply the equivalence of ensembles assump- 
tion (EE), obtaining a further bound on the right-hand side of 0(£^^). □ 

Lemma 4.5 (Two-blocks estimate). Let f : fl ^ R be a local L^ivp) function 
supported on sites in A^„ such that ipf{p) = f'f{p) = 0. Then, there exists a 
constant C = C{p) such that for £>io,t>0 and h G £^{Z) n ^^(Z); 



E ^E-^. [fmv^'"\vl] - E,^ [f{^)\r^^'\rj^,]}h{x)ds) ' 
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On the other hand, when only Lpf{p) — is known, 
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Proof. We prove the first display as the second is analogous. Again, we invoke 
Proposition 14.21 and bound the square of the norm. To this end, write 

£ = 2'"+i£o + r where < r < 2™+i4 - 1. Then, 

m 

Now, by Minkowski's inequality, with respect to the norm, over the 

TO + 2 terms, and Lemma [4.4[ we obtain that the left-side of the display in the 
lemma statement is bounded by 



< 



to finish the proof 



□ 



Lemma 4.6 (Equivalence of ensembles estimate). Let f : fl ^ R be a local 
L^{vp) function supported on sites in such that ipf{p) = f'/ip) = 0. Then, 
there exists a constant C = C{p) such that for i > io, t > and h e £^{Z): 



Y.r,[E,^[f{i^,M\{^,)i 



£2+ao \n 



On the other hand, when only ipf{p) — is known. 



xeZ 

Here, ao > is the power mentioned in assumption (EE). 

Proof By squaring and using invariance of Vp, the left-hand side of the display 
is bounded by 

2t'E,^[{Y,\h(x)\\r(x)\f 
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where r{x) is the expression in curly braces in the display of Lemma 14. 61 Now, 
by Schwarz inequality, 

[j2\hi^M^)y < {J2\hix)\)j2\hi^)\r'{^)- 

a;£Z a;£Z a:GZ 

Since fp is translation-invariant, the desired bound is now obtained by noting 
the form of r{x) and the equivalence of ensembles assumption (EE). □ 

Proof of Theorem I3.2i By combining Lemma [4.31 with £ ^ io, and Lemmas 
14.51 and Lemma [4.61 we straightforwardly obtain the result. □ 

5. Equivalence of ensembles 

We prove in Proposition 15.11 that condition (EE) holds for a large class of 
systems with product invariant measures. In this case, Vkj.^ does not depend 
on ^, which simplifies the conditional expectation in the statement of (EE). 

Next, we show in Proposition [5]2] that (EE) also holds for the Markov chain 
measure defined in Subsection l2.5l Some parts of the proofs of these state- 
ments are similar those in [61J. 

Define A+ ^ {x : I < x < n}. 

Proposition 5.1. Let Vp be a product measure on VI such that (IM) holds, and 
< i^p{i]{0) = 1) < 1. Let also f be a local L^{vp) function, supported on sites 
A^, such that fjip) = f'fip) = 0. Then, there exists a constant C — C{p) such 
that 



J 2 



< 



C\\f\\LH.,) 



7,3/2 



On the other hand, when only ipf{p) ~ Q is known, 

c||/I1le'(i/p) 



Eu,[f{r])\y\ - yLp'fip) 
Here, y := i ExeA+ - P- 



< 



Proof. We prove the first display as the second statement, following the same 
scheme, has a simpler argument. Recall the tilted measures {v^ : p* < z < p*} 
given after assumption (Dl) which are well defined as Vp is a product measure. 
Let (t'^{z) = E^^ [('7(0) — z)^]. Note also the canonical expectation E^^ [f\v\ does 
not depend on the specific value z, and that we are free to choose it as desired. 
Then, 



[imv] = [./('7) \-y,v{x)-p^y_ 



^^^...[/(^)l(^E.eA+^(^) 



y)] 



Define 9m{z) = ^Jmv, 
sion as 



''y+p{7^T.xeA+lix) - P = y) 
y+piJ2xeA'^ ?7(a:) — p - y = z), and write the last expres- 

" ^/^en^l{-Y,^^f^+(r^(x)-y~ p))' 

fiv) 
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Let ipy{t) = E,y^_^_^[e^*^^^^^~P^y^] be the characteristic function. Then, one can 
write 



2tt 
1 

2^ 



By Taylor expansion, 



/ (5.1) 



\ f-^Vrn ^2^2 ^ |^|3 ^ /.Trym 



+ o(^-) / ^ |tn^™(t/V^)|dt. 



Let now (5 > be a small number. We observe that the integral, when |?;| < S, 
in the last term in dS.lD is uniformly bounded in m. 

Indeed, given i^p governs i.i.d. No-valued random variables with moment 
generating function and which are nondegenerate in that < iyp{7j{0) = 1) < 1, 
for e < \t/y/m\ < tt, one computes {t / y/Tn)\ < Co(y)™ where sup|y|<5 Co{y) < 
1; also, for < \t/^\ < e, = (1 - {t^^'^iv + p)/(2m)) + O^m-^/^))™ 

a.■n.^i\^l>'^{t/^/m)\ < e"'^l(^'*^ Here, sup|y|<5 ^^(y+p) < oo and inf|y|<^ miii{ 0-2(2/+ 
p),C,iy)}>0. 

Also, the second integral in ( 15. ID . when \y\ < S, given 

is almost the integral of an odd function and is of order 0{m^^/^). 

On the other hand, given i^p is a translation-invariant product measure 
whose marginal has moment generating function, by the classical local limit 
theorem, linim-t-oo Om{0) = {2'Ka'^{y + p))"^/^. Then, for \y\ < 5, we have 



xGA+ 



where |£/(7i)| < C{p)\\f\\L2j^^^-^n and Hi = Ki{n) for i = 0,1,2 are explicit 
expressions. Indeed, one observes 

/ N \/" ^»-K0) 1 , -l/2^ 

/ — 1 /'7r\/ n— £ / -f \ 

j — -1 fix\Jn~t I 

— \/n i / .0 . ^ — 1 E 
-1 
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Now, for a local L^ivp) function h supported on coordinates in A^, we have 



MHXiy + p)) 



where X{y + p) is the 'tilt' chosen to change the density to y + p and M(A) = 
E^^[e^M^'>-p'>]. Note that z = A/'(A(z))/M(A(z)) and 



M"{X{z)) /M'(A(z))\2 



M(A(z)) VM(A(z)) 



/ ivr[A[z)) Y 
\M(X(z)) J 



a^z) 



For \y\ < S, after a straightforward calculation, one obtains 

E.^.AHV)] = {X'{p)fy^E,^[h{rj){J2ii{x)-py-]+\y\\{p,5,h) 

when = (p'hip) = 0. When, only iphip) = is known, 

= X'{p)yE,Ahir^){J2vi^)^p)]+\y\'r{P,S,h). 

Here, the remainders are bounded \r{p,S,h)\ < C{p,S)\\h\\L2(^^^y Indeed, the 
second remainder estimate holds by noting the second derivative given in ( I2.4I I 
is bounded for \y\ < S; the first remainder bound also holds given that the third 
derivative is in form 

£^E^,,Ah{^)] = X"'{y + p)E^^^^[h{^){ V{^)~y-P)] 

xeA+ 



-3X'iy + p)X"iy + p)E,^^Ah{7j){ ^ i^x) - y - pf] 
^iX'{y + p)rE,^^^[hirj){ J2 Vix)-y-pf] 



xeAj 



^3iX'iy + p) fE,^^Ahirj){ ^ - y - p)] i?.,, J( ^ ^^{x) - y - pf] 

xeAf 



xeA] 



where hit]) = /i(7y) - E^^^^[h]. 
Now, from ( I2.4I I. we have 



(p) = (A'(p))''^£;.^[Mr?)( 



xSAJ 



when (^Ij*^^^ (p) ~ Vh{p) = 0, for k = 1,2. Also, given the assumptions on / and 
Evp[y^^] = 0{n^P) (which means each y factor is of order 71^^/^), we can group 
the dominant terms to arrive at 



E,. 



i\y\<S){E,,[.nvM-{ 



1 Kiy 1 K2 



2 X'{p) ^ {X'{p)f 



n J ■' 
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and hence, as Ko{n) = 1 + 0{ti ^/^), Ki(n) ~ 0{n ^/^) and, by expanding a'^{y - 



li\y\<S)[E,^[fi^^M-[y'-^]^y] < C(p,<5)||/||i,(,^), 



On the other hand, we bound, noting \ip'f{p)\ < C'\\f\\L2(vp) by assumption 
(D), and simple estimates (one can use large deviations bounds), that also 



K\y\>S){E,MivM-{y'-^}^y] < cip, 6)\\f wl^^^pi 



to finish the proof. 



□ 



We now prove the equivalence ensembles estimate (EE) with respect to a 
Markovian measure. Recall the Gibbs measures 1^1/2 and Vx = 1^1/2^ defined 
in Subsection 12.51 To see how the next proposition can be used to satisfy as- 
sumption (EE), we note (1) the estimate is uniform in the 'outside variables' 
rj^, and (2) since the transition matrix Pp is positive, the L°° norm of any local 
function supported on sites A^^ can be bounded < C(^o, /3)||./||lp(i/p) for 

p > 0. Recall also the definitions oi (pf{p) and its derivatives in ( 12.41 1. 

Proposition 5.2. Let f be a local function, supported on sites indexed by Ae, 
such that cp/(l/2) = (^^-(1/2) = 0. Then, for each < e < 1, there is a constant 
C = C{e) such that for every fixed a,h £ {0, 1}, 



Eu^,2 [/ly, "ni-n - 1) = a, ri{n + 1) = 6] - 



'^?.(l/2) 



2n+ 1 



i-*(l'l/2) 



< 



c\\f\\ 



7,3/2- 



< 



Cll/lli 



On the other hand, when only ipf{\/2) = is known, 
E.,,2 [f\y^ Vi~n - 1) = a, vin + 1) = 6] - y^'/(l/2) 
Here, y = {2n + E.6A„ ^(^) - 1/2- 

Proof The argument has the same structure as for Proposition 15.11 We will 
concentrate on the first display as the second statement has a similar and eas- 
ier argument. Since 1^1/2 corresponds to an ergodic finite-state Markov chain 
with uniform invariant measure, it is exponentially mixing and allows stan- 
dard block approximations, which are used in many steps. 
Let < X < 1/6- Let also n' = n - n^. Develop 

E,^,M^vi-n-l) = a,rj{n + l) = b] 

= E.^^^r. [fiv)\y, Vi-n - 1) = a, v{n + 1) = b] 



= £^^„+l/2 ./('7) 



, V2m0^,,,,,,(- E.eA„x i'li^) - y - 1/2)) 



V2n^0«,y,a,b(O) 
n — 1) = a, ri{n + 1) = b 
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nx<|a;|<ri 



\r]{n^)^ ri(—n^), rj{—n — 1) = a, + 1) —bj 



and 



97i,y,a,b{z) = \j2n + 11^^+1/2 ^ 77(x)-y-l/2 = z|77(-n-l) = a,77(n + l) = & 
By a local central limit theorem for ergodic Markov chains II38I . we have 

lim 9n.y.a.h{^) = , 

"Too ' ^ ' ^27rcr2(y + 1/2) 

where we recall ct^(z) = lim„^oo rr^E^,^ [(Z]x6A„ '?(^) ~ -2:)^]. Here, inf |j^|<5 u'^{y - 
1/2) > 0. 

Let the characteristic function i)n,y,xM.h{i) for \t\ < tt be defined by 



3«tE„x<|.|<„(')W-y-i/2)i ^^x)^^(_^x)^,^(_„_ 1) ^ a,77(n + 1) = h 



Recall formulas pi and p2 in ( I2.15l >. By diagonalizing the transfer matrix, 

p-lg-^i/4g-A/2g-it(l/2+i,) p-lg/3/4gA/2gii(l/2-y) 

one can show for |y|, |t| <8 that 



/2n' 



In particular, for |?;|, \t\ < 6, \ipn,y,x,a,bii)\ < cxp{— Ct^} for some C ~ C{S) > 0. 
Also, one can obtain for \y\ < 6 and 6 < \t\ < n that \-)pn,y,x,a,bit)\ < A" where 
A = A{S) < 1. 

Now, write as before 



/2n' 
"27" 



1 

2^ 



""/^'/'n,,,X,a,;,(t/V2;7)dt. 



One can rewrite the last expression as 



1 

2^ 



— TTV 2n' 
2 pTrV^n' 



. V'n,y,x,a,&(i/^^2n')di + 



_tll)n,y,x,afi{t/y^)dt 



t^i)n,y,x,a,b{t/V2^)dt + roCa;)^-^/^ 



47rn' j_^v2n' 

in terms of error ro(x) which is bounded |ro(x)| = 0(|a;p). 
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Then, as in the proof of Proposition lS. ll we have, for \y\ < 6, that 

^1^1/2 [f\y^ Vi'-n - 1) = a, r]{n + I) = b] 

= Koi^i.„+i/2 [f{v)\v{-n - 1) = a,r]{n + 1) = b] 



'2n 



--E,,^,^,[f{r,){ J2 v{x)-l/2-y)\rj{-n-l) = a,T^{n + l) = b] 



|2;|<nx 



|x|<nx 



where |e/(?T.)| < C||/||i2(j,^)ri~^/^ and = K^ln) for i = 0,1,2 have the same 
asymptotics as before. 

Now, for \y\ < 5, h supported on sites in A„x and i ~ 0, 1,2, using the ex- 
ponentially mixing property of the measures : \y\ < 6} and ipf (1/2) = 
(y9j(l/2) = 0, we can expand 



E.,^^;.[fiv)[ J2 Vix)~l/2~y) |r/(-n-l) = a,7?(n+l) 

\x\<n^ 

A'(l/2)2-V 



(5.2) 



(2-0! 



•^1/2 



f{v){ E vi^)-l/2)]+\y\'-'n{f,n)+r2{f,n) 



\x\<n^x 



Here, the error ri (/, n) stands for the error made first in Taylor approximation 
with respect to the conditioned measure. Using that 1^^+1/2 is exponentially 
mixing, one can bound the first, second and third derivatives uniformly in a, b 
and \y\ < 6 after a straightforward but tedious calculation so that |ri(/, n)\ < 
C(6)n'^^\\f\\L=°- The error r2(/, n) represents other errors made by exponential 
approximations and \r2{h,n)\ < C||/||L2(i/p)n~^/^. 
Here, for h supported on sites in A„x, and notation 

Hv) = Kv) - ^I'^+i/a [l^\vi-n - 1) = a, 77(71 + 1) = 6] and fj{x) = 77(0;) - y - 1/2, 

the first derivative is 

d 



dy 



Efy+1,2 [Hri)\v{-n - 1) = a, vi^ + 1) = 



= X'{y + l/2)i?.„^,/, [Hv) ( E ^(^)) - 1) = ^(^1 +l) = b 



\x\<T 



The second derivative is 

d^E-'y+U2 [Hv)\v{-n - 1) = a, v{n + 1) = 



X"{y + l/2)i?.„^,/, \Hv) ( E ^(^)) - 1) = Vin + I) = b 



+ (A'(zj + l/2))X+i/2[^('?)( E ^(^))'h(-^-l) = «,'7(" + l) 



= b 



I a; I < n 
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The third derivative is 

d3 



f^y3 [Kv)\v{-n - 1) = a, V{n + !) = &] 



A' 



"(2/ + l/2)i?,^^,/,[M77)( E V{x))\v{-n-l) = a,rj{n + l) 



|a:;| <n 



+3A'(y+l/2)A"(y + l/2) 



|77(-7i - 1) = a,77(7i + 1) 



= b 



r}{—n — 1) = a, r}{n -\- I) = b 



~(A'(y + l/2))X+v.[M^)( E ^(^) 

|2;| <n 

-3(A'(2/ + l/2))3£;,^^,^^[/i(,y)( ^ 7y(x))|7?(-n-l)=a,77(n + l) = 6 
^''«+i/2 [( E ^(^)) l^*^"" - 1) = V{n + l) = b 



\x\<r 



We have apphed these expressions with h{ri) ~ f{''l)(,J2\x\<nxiv{x) ^ 1/2))' for 
i = 0,l,2tobound(101). 

The rest of the proof navigates a virtually similar route as for Proposition 
I5.1[ noting that a factor n'^^y is of order 0{n^'^^^^^'^^^). The parameter x may 
be chosen small enough to fit with the desired estimate. □ 



6. Tightness in Hermite space 

We prove that {J^"'"^ : t e [0, T]}, when a 7^ and 7 = 1/2, is tight in a dual 
Hermite Hilbert space n-k C §'(M) with k = 4. When 7 e (1/2, 1], the proof is 
the same with similar estimates. 

To define Hk, let {h^ : z > 0} be the Hermite functions on L^(R), that is 
ho{u) = 7r-i/2g-«V2 and, for z > 1, 

h,{u) = (2^2!)-l/2(_i).^-l/2gnV2ilg-«=^ 

It is standard that {h^} are orthonormal and complete on L^{R). Each Hermite 
function is an eigenfunction with respect to operator U = |up — A, that is 
— A/i^ = Az/iz with eigenvalue Az = 2z + 1. Also, the recursion holds: 
h!,Xu) = (z/2)i/2/i^_^(u) - ((z + l)/2)i/2/i^_^i(^i) for z > 1. See llSilirChapter VI 
for more discussion. 

We will need the following LP estimates on which follow from the above 
properties: Namely, ||/ii*^|||2(i{) < C(l + z)' fori = 1,2. Also, ||/izi|Li(]K) < 

C|l + z|i/4 from Lemma [6H and therefore ||#||li(m) < C|l + z|(2^+i)/4 for 
1 < i < 4. Here, C is a universal constant. 

Now, any function f e (R) can be expressed as 



2>0 
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where 

= J f{u)K{u)du. 

Define, for fc > 1, the Hilbert spaces 'Hk which are the completions of smooth 
compactly supported functions with inner product 

(/,.g)fc = {fM'^g)- 

In particular, ^^(R) = "Ho I) "Hi D • • • D Hfe D S(R) are those functions such 
that 

2>0 

The duals of Hk are H-k, relative to completion with respect to the inner- 
product, can be identified as those functions such that 



2>0 



We have the ordering Ho c H-i c • • • c H-k- Also, U-k C S'(R) for k > 0. We 
will endow H-k with the uniform weak-* topology. 

Now, to prove that {y"'^ : t £ [0,T]} is tight in the uniform topology on 
D{[0,T];H-k) with fc > 3 + rf = 4, starting from the invariant measure i^p, it is 
sufficient to show the following result-see Il36l [Chapter 11]. 

Then, tightness when starting under a pertubed state {/i"} would follow the 
same argument given in Subsection [3?3] with respect to S'(M). 

Proposition 6.1. For each z >0, there is a constant C = C{p, T) such that 
limsupE.J sup K'^(/i2)|'l < qi + z|5/2 

and for e > that 

linilimsupP.f sup \yt^\h,) - y:^^ > e) ^ Q. 



s-t|<5 

s,te[o,r] 



Proof. The second line in the display follows already from the tightness bounds 
given in Subsection 13.31 with h~ substituted for H. We now argue the first 
estimate. As in Subsection l3.3[ we write 

The term ^'^'^(/iz), noting assumption (IM2), is bounded 

limsupE,^[(3;;^^(/i,))'] < = C{p). 

n\oo 

The martingale term is bounded, by Doob's inequality and the quadratic vari- 
ation bound ( 13. 3D . noting bounds in (Rl), as 

limsupE.J sup {M^i'-'iK))^] < C(a,p,r)||V/i,||i.(K) < C{a, p,T)\l + . 

ntoo te[0,T] 

The most involved term is ^"'^(/iz) which we now treat. Recall the notation 
of Subsection |3.3l in particular TxVb{ri) = T.jh{r\) — fhip) — ^'b{p){'n{^) — p)- 

We will also, to simplify notation for the rest of the proof, drop the super- 
script 'n and write rj" ^ rj. 
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We may bound 



(a/2)-2E,^ sup {Bnh^)y 
'-te[o,T] 



< 3E^ 



sup 
te[o,T] ^Jo 



WMds 



sup 

tG[0,T] ^Jo 



3E. 



sup 
te[o,T] ^Jo 



where 

Wi = 



^2 = 



{(^W(X)-/,) 



2£- 



2 <7j{p) 



and 



In the following we will take £ = n and use the bounds on b, c, ip'^ (p) and 
ip'cip) afforded by (Rl), (IM) and (D). From the proofs of Lemma l4.3l and Lemma 
I4.5[ which together bound the H^i norm of the integrand Wi, and Lemma [6.2l 
below, we have 



Qi < C(6,p)T-||V/i,||i.(R) <Cib,p)T\l + z\. 
On the other hand, Q2 can be bounded by use of Schwarz inequality, 



Q2 < ™. 



Then, by the proof of Lemma 14.61 which makes use of the equivalence of en- 
sembles assumption (EE), and the bound on || V/i2||li(r) mentioned at the be- 
ginning of the section, 

Q2 < C(5,p)r2^||V/i.||i,(R) < C(b,p)T'\z\y-'n-"\ 

Similarly, by the assumption in (IM) that the fourth moment of r]^^'> — p is 
bounded as 0{i~^), we have 

,2 



Qs < C(6,p)r2^||V/..||i.(„) < C{b,p)T'\z\'/\ 



Hence, we have 



E,^[ sup {Bnh.)f] = 0{\zf^'). 
te[o,T] 



The term I^'^{hz) is handled similarly. Noting jlA/i^lHajR), 
C|z|^/^, we have the bound 



< 



sup < C(c,p,T)|l + z|5/2. 

te[o,T] J 
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Also, the term K,^''^{hz), noting its form and the L^(M) bounds on /li'^ for 
1 < i < 4, can be analyzed as for above: 



sup < Cip)\\l + z\'^' + -\l + z\y' + ^\l + z\^/'' 

1 5/2 



which tends to C(p)|l + as n t od. This completes the proof. 



□ 







2i 




sup 






< 


'-te[a,T] 


Jo 







We now state a case of [60|[Theorem 2.2], valid for our processes, that we 
used above. 

Lemma 6.2. For f e L^ivp) n we have 

We could not find a reference for a bound on the norm of hn {u). Although a 
sharp bound using [41|[Theorem 2.1] can be made, the following cruder bound 
is sufficient for our purposes. 

Lemma 6.3. There is a universal constant C such that Wh^W^i^z) < C(l + zY^^. 
Proof. Consider the related Hermite polynomials, for z>l, 

and kq{u) = 1. One can relate {^^(u)} to the Hermite functions {hz{u)} defined 
at the beginning of the section: For z > 0, 

L'P estimates for {K^iu)} have been proved in Il33l [Theorem 5.19] with re- 
spect to weight function w{u) ~ (27r)~^/^ cxp{— Namely, for 2 < p < oo, 

'w{u)\ 



Then, 



I'^z||l1(B 



= 2 



< 



-1/2 



-1/2^-1/2 



/4 



'iz{y)\dy 



w{y)ey"/^\K,{y)\dy 



1/9 



w{y)\K;,{y)\Pdy 



1 i/p 



where we choose p = 2 + 1/(1 + z) and so g ~ 2 - 1/(1 + z). Now, by the 
estimate above, for some universal constant C, 

wiy)\KM\''dyY^'' < (2-p)^/2 - (1 + 1/(1 + ^)^/2 < ^^1/2 



and 



J^wix)e''y'/^dy 



1/9 



(2-1/(1 + ^))-! 



< C(l+z)l/4. 



□ 
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